We show that hydrodynamical and field approaches in theory of cosmological scalar perturbations are equivalent for a single medium. We also give relations between notations introduced
Introduction
In the linear theory of primordial cosmological perturbations the metric tensor g µν and energymomentum tensor of matter T µν are splitted into a background part and a perturbation part:
µν + h µν , T µν = T (0) µν + δT µν . Evidently, this splitting into background and perturbation is ambiguous. Making small coordinate transformations we obtain a different background and a different perturbation. And in a given reference frame we can get "perturbations" which are actually not physical and are just a result of the chosen reference frame. In order to avoid such phantom perturbations, formalism of gauge-invariant variables is used. Equations which describe the evolution of a gauge-invariant variable come from the perturbed part of Einstein equations and properties of matter. Clearly, Einstein equations solely are insufficient to solve the dynamical problem as they just relate perturbations of the metric tensor with those of the energy-momentum tensor without specifying any physics. In order to obtain a dynamical equation we need a physical relation. For example, it can be a relation between matter density and pressure perturbations which corresponds to the hydrodynamical approach. Also we can start from a general matter Lagrangian of ϕ-field (which serves as a 4-velocity potential of matter), and this corresponds to the field approach. The former is usually associated with equation of state of matter, while the latter is with models of inflation. In either case it allows one to get dynamics and a Lagrangian of perturbations which appear to be independent on the initial assumptions.
Further we set out the main results of the Lagrangian theory of scalar perturbations [1] without derivation. We show the equivalence of hydrodynamical and field approaches for a single medium. Then we show how notations of Lukash [1] , Bardeen [2] , Bardeen et al. [3] and Chibisov and Mukhanov [4] are related.
Gauge-invariant formalism in a nutshell
Below we work with the background Friedmann-Robertson-Walker geometry:
The background metric tensor is g µν = diag(1, −a 2 , −a 2 , −a 2 ), matter density ε and pressure p are functions of time, and the background 4-velocity is u µ = (1, 0, 0, 0), the speed of light c = 1, and η is conformal time, dη = dt/a. Hereafter we omit the superscript (0) for background quantities.
The basic equations for the scale factor a(t) are the Friedmann equations:
where H =ȧ/a = a ′ /a 2 is the Hubble parameter, and G is the gravitational constant. The dot and the prime stand for the derivative with respect to physical time t and conformal time η, respectively.
Generally, scalar type metric perturbations are constructed using four potentials [5] , A, B, C and D:
The potential A is actually a perturbation of the scale factor: A = −δa/a.
Perturbation of the energy-momentum tensor is presented via other four potentials, υ, δε, δp and E: δT
where E presents anisotropic stresses, and υ is the 3-velocity potential:
Thus, we have four gravitational potentials A, B, C, D and four matter potentials υ, δε, δp, E. All of them but E are not gauge-invariant. By small coordinate transformations x µ → x µ + ξ µ the potentials get changed. Two of these eight potentials are arbitrary, they correspond to a gauge choice (an arbitrary vector in scalar representation ξ µ = F u µ + H ,µ ). It is possible to construct some gauge-invariant combinations of the potentials. All such combinations constitute an infinite set.
The potentials A, B, C, D, υ, δε, δp, E are not independent. They are linked through the first-order expansion of the Einstein equations
The natural gauge-invariant combination is that of the gravitational potential A and the velocity potential υ which is called the q-scalar [1] :
The inverse transformations of the q-field to the original potentials are as follows:
where δp c and δε c are gauge-invariant variables of pressure and energy density perturbation, respectively. The first equation in (11) is, in fact, the relativistic Poisson equation. From the inverse transformations it can explicitly be seen that Φ and E are gauge-invariant potentials.
The previous analysis is common and does not depend on any matter physics. However, in order to introduce dynamics we need some additional relation between matter quantities (e.g. between δp c and δε c ), that is, we need to specify some physics. We have two possibilities: either we can use the hydrodynamical approach to relate δp c and δε c or the field approach, i.e. to admit some form of the matter Lagrangian for 4-velocity potential of the medium. Further it is shown that the both approaches are equivalent in this problem. Further on we consider a single medium. Also, we suppose absence of anisotropic stresses, therefore,
Hydrodynamical approach. In the hydrodynamical approach we assume
where β(t) is a function of time. Hence from (9) and (2),
Relation (13) means that there is only one medium and we describe its perturbations. As soon as (13) is valid equations (11) and (14) immediately give:
After differentiation the last equation gives equation describing the evolution of q-scalar:
The equation (16) corresponds to the action [1]
Since the backward path from equation to a Lagrangian defines the Lagrangian to a factor before it, we can see that (17) has the right coefficient if we look at it in some asymptotic limit, e.g. in the limit of small scales (the sound wave frequency ω ≫ H and sound velocity c s ≃ β). In this approximation q ≃ Hυ,q ≃ Hυ and δε c ≃ δε. Using the relations:
where v is hydrodynamical velocity in a sound wave, we have the following chain of equalities:
The corresponding comoving volume energy density is
The last expression is exactly the energy density in a sound wave [6] , [1] .
Field approach. The Universe filled with a scalar field ϕ. The relation to the 4-velocity (6) is
where w 2 = ϕ ,µ ϕ ,ν g µν . The Lagrangian density of the scalar field can be taken in a quite arbitrary form [1] , [9] :
From the matter Lagrangian (22) we obtain the energy-momentum tensor:
and hence, the following relation between δε c and δp c :
For the linear perturbations the function c In the field approach one can obtain the Lagrangian describing perturbations by expanding straightforwardly the action for gravitating scalar field to the second order in perturbation. The action is standard:
where R is scalar curvature. Perturbing the variables to the linear order, g µν → g µν + h µν , ϕ → ϕ + wυ, and decomposing (25) up to the second order terms we obtain the action for perturbations (total divergency terms are omitted):
Conclusion
The theory of scalar cosmological perturbations can be constructed in a quite general form (eqs. (1)- (11)). In order to get the Lagrangian for perturbations and the key dynamical equation we needed the physical assumptions to link δp c and δε c . Moreover, the assumption (13) is equivalent to the assumption of a matter field ϕ with a quite common Lagrangian L(ϕ, w), where ϕ is a 4-velocity potential of the medium (cf. (6) and (21)). In linear theory of a single gravitating medium the two approaches coincide.
The variable ζ introduced by Bardeen et al. [3] is equal to the variable q introduced by Lukash [1] , and equation (5.22) found by Mukhanov et al. [7] is equivalent to (16).
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